CSC 222

Section 5.2
Solving Recurrence Relations

8y = T(8y0), 8-+ Byn))

find aclosed form or an expression for ayp).

Recall:

* nth degree polynomials have n roots.
a, X" +a, X" '+..+ax+a, =0

* If the coefficients are real then theroots arereal or
occur in complex conjugate pairs.

Recall the quadratic formula: If

ax® +bx +c =0 then

o b++/b? - 4ac

2a

We assume you remember how to solve linear systems
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AX = b.

where A isan n x n matrix.

Solving recurrence relations can be very difficult unless
the recurrence equation has a special form:

* g(n) = n(single variable)

* the equation is linear:
- sum of previous terms
- no transcendental functions of the as
- no products of the g's

 constant coefficients: the coefficients in the sum of
the a's are constants, independent of n.

 degreek: a, isafunction of only the previous k
terms in the sequence

» homogeneous: If we put all the a's on one side of
the equation and everything else on the right side, then the
right sideisO.

Otherwise inhomogeneous or nonhomogeneous.
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Examples:

- a,=(1.02)a, ,
linear
constant coefficients
homogeneous
degree 1

* a,=(1.02)a,, +2""
linear
constant coefficients
nonhomogeneous
degree 1

*8,=8,,+8,,+8,,+2"
linear
constant coefficients
nonhomogeneous
degree 3

*a,=ca,,*+h
g does not have the right form

*a,=na,,+n’a, ,+a,,a,,
nonlinear
coefficients are not constants
homogeneous
degree 2

Solution Procedure
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e linear
e constant coefficients
 homogeneous
e degree k

8 = G878, .. +G @,

1. Put all a'son the left side of the equation, everything
else on the right. If nonhomogeneous, stop (for now).

8,- Ca, - G, ,- .-Gy =0
2. Assume a solution of the form a, = bn.

3. Substitute the solution into the equation, factor out the
lowest power of b and eliminate it.

b"- cb™ - chb"*-...-c_b"* =0
b *[b*- cb“*-..-c. ,]=0
4. The remaining polynomial of degree Kk,
b*- cb“*-...-c_,
Is called the characteristic polynomial.
Finditsk roots, r1, ro, . . ., Ik
5. If the roots are distinct, the general solution is

—_— n n n
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6. The coefficientsa,,a,,...,a, arefound by enforcing the
Initial conditions.

Solve the resulting linear system of equations:

— 0 0 0
a, =a,r +a,r,+..+a,r,
— 1 1 1

— k-1 k-1 k-1

Example:
auw2= 3an+1, =4

* Bring subscripted variables to one side:

anr2-3an+1 = 0.

 Substitute a, = b" and factor lowest power of b:
b+1(b-3) =0 or b-3=0
 Find the root of the characteristic polynomial:
=3
» Compute the general solution:
an = C3n

* Find the constants based on the initial conditions:
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a=c(3P)orc=4
* Produce the specific solution:

a0 = 4(3)

Example:

&, =3an2 =au=1
*an-3an2=0
Note: the a,.1 term has a coefficient of 0.
obn-2(b2-3)=00rb2-3=0
o1, =/3,r,=-/3
ea =a,V3 +a,(-3)

» Solve the linear system for a,,a,:

a,=1=a,v/3 +a,(-v/3)°=a,+a,
& :1:31(\/3)1+a2(- \/é)l :al\/é_ az\/é

Solve the first equation for the first variable and substitute
In the second equation:

a,=1-a,

1=(1- a,)V3- a,v/3=v3- a,2/3
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a,=(/3-1)/23
a,=1- (vV3-1)/2J3=(V3+1)/2/3

If aroot ri has multiplicity p, then the solution is

— n n p-1.n
a.n - alrl +a2nr1 +--- +a pn rl +---

Example:
8, =6a,1- 9,8 =& =1
* Recurrence system:
a, - 6a,;+9%, , =0
* Find roots of characteristic polynomial

ib”- 6b+9=0
I
i(b-3)°=0

* Roots are equal:

» Genera solutionsis
a, =a,;3" +a,n3"
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» Solve for coefficients:

-}_ao =1=a,+0
g =1=1(3")+a, ()3
o2
427773

Y ou finish.

Nonhomogeneous Recurrence Relations
e linear
« constant coefficients
» degreek

8, = C8n.1 +Coan o ... ¥Cp i@y + F(N)

Ay =G 1 TG, 2 ... ¥Cy (@ i
IS the associated homogeneous recurrence equation

TELESCOPING

Note: we introduce the technique here because it will be
useful to solve recurrence systems associated with divide
and conquer algorithms later.
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For recurrences which are

o first degree

a, =aa,, +f(n)

M ethod:
» back substitute

» force the coefficient of a,x on the left side to agree
with the coefficient of a,« in the previous equation

* stop when we get to the initial condition on the right
side

« add the left sides of the equations and the right sides
of the equations and cancel like terms

« add the remaining terms together to get aformula
for a,.

Example:

*a,=2a,;+t1a,=3
 Write down the equation:
a,=2a,,+1
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» Write the equation for a,_,:

&, =28,, +1

» Multiply by the constant which appears as a
coefficient of a__, in the previous equation so the two will

cancel when we add both sides:

2a,,=2"a, ,+2

 Write down the equation for a,_, and multiply both
sides by the coefficient of a,_, in the previous equation:

a,,=28,,+1
becomes

2°a, , =2'a, ;+2°

 Continue until the initial condition appears on the
right hand side:

a =2a,+1
becomes
2n- 1a1 — 2na0 +2n—1

» Add both sides of the equations and cancel identical
terms:;

a, =(2a,.1) +1
(2a,,) =[2%a, ,]+2
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[2%a, ,]= 2%, 3 +2°

2n- 1a1 — 2na0 +2n-1

a, = 2na0 + nélzi
i=0
n-1 .
* Substitute a,and simplify § 2' to get the solution:
i=0

a =3(2")+2"-1=2"2-1

Note: solution to nonhomogeneous case is sum of solution
to associated homogeneous recurrence system and a
particular solution to the nonhomogeneous case.

Theorem:

Let {anP } be a particular solution to the nonhomogeneous

equation and let {anH} be the solution to the associated

homogeneous recurrence system. Then every solution to
the nonhomogeneous equation is of the form

{al+a;}

Particular solution?
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Theorem:

Assume alinear nonhomogeneous recurrence equation
with constant coefficients with the nonlinear part f(n) of
the form

f(n)=(b,n'+b._,n"* +...+bn+b,)s"
If s isnot aroot of the characteristic equation of the

associated homogeneous recurrence equation, thereisa
particular solution of the form

(cn' +c._n"t+..+cn+c)s”

If sisaroot of multiplicity m, a particular solutionsis of
the form

NT(GN' +C.qN' "+ +CN+ G)S”

Example:

From the previous exampl e the associated homogeneous
recurrence eguation is

a, - 28, ;=0
and
f(n)=1

Theroot of the characteristic polynomial is 2 so the
solution to the homogeneous part is
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anH —52"
and a particular solution to the nonhomogeneous equation
IS
{an} = Co.
Substituting ¢, into the nonhomogeneous equation we get
Co-2¢,=1
or
c, = -1
Therefore the general solution is
az2"-1
Using the initial condition we have
a2l-1=3ora=4=2¢
Hence, the solution is
a, =2"-1

which is the same solution we obtained by telescoping.
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