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OrismoÐ: 'Estw duo arijmitikèc sunart seic f(n) kai g(n). Tìte

• f(n) = O(g(n)) e�n up�rqoun jetikèc stajerèc n0, c 6= 0 tètoiec ¸ste
na isqÔei |f(n)| ≤ cg(n), ∀n ≥ n0.

• f(n) = o(g(n)) e�n up�rqoun jetikèc stajerèc n0, c 6= 0 tètoiec ¸ste
na isqÔei |f(n)| < cg(n), ∀n ≥ n0.

• f(n) = Ω(g(n)) e�n up�rqoun jetikèc stajerèc n0, c 6= 0 tètoiec ¸ste
na isqÔei |f(n)| ≥ cg(n) ∀n ≥ n0.

• f(n) = ω(g(n)) e�n up�rqoun jetikèc stajerèc n0, c 6= 0 tètoiec ¸ste
na isqÔei |f(n)| > cg(n) ∀n ≥ n0.

• f(n) = Θ(g(n)) e�n up�rqoun jetikèc stajerèc n0, c1 6= 0 kai c2 6= 0
tètoiec ¸ste na isqÔei c2g(n) ≤ |f(n)| ≤ c1g(n), ∀n ≥ n0.

Lemma 1. 'Estw duo arijmitikèc sunart seic f(n) kai g(n). Tìte f(n) =
o(g(n)) an kai mìno an lim

n→∞
f(n)
g(n) = 0

Lemma 2. 'Estw duo arijmitikèc sunart seic f(n) kai g(n). Tìte f(n) =
ω(g(n)) an kai mìno an lim

n→∞
f(n)
g(n) =∞

Lemma 3. 'Estw duo arijmitikèc sunart seic f(n) kai g(n). E�n isqÔei

lim
n→∞

f(n)
g(n) = L ìpou 0 ≤ L <∞ tìte f(n) = O(g(n))

Lemma 4. 'Estw duo arijmitikèc sunart seic f(n) kai g(n). E�n isqÔei

lim
n→∞

f(n)
g(n) = L ìpou 0 < L ≤ ∞ tìte f(n) = Ω(g(n))

Lemma 5. 'Estw duo arijmitikèc sunart seic f(n) kai g(n). E�n isqÔei

lim
n→∞

f(n)
g(n) = L ìpou 0 < L <∞ tìte f(n) = Θ(g(n))

Examples

Example 1. DeÐxte ìti 40n + 100 = O(n2 + 10n + 300)

LÔsh
Gia na deÐxoume to parap�nw arkeÐ na broÔme jetikèc stajerèc n0, c 6= 0

tètoiec ¸ste na isqÔei |f(n)| ≤ cg(n). ParathroÔme ìti gia n > 0 isquei
0 ≤ 40n + 100. 'Ara anazhtoÔme pìte isquei h anis¸thta 0 ≤ 40n + 100 ≤
n2 + 10n + 300 ⇔ 0 ≤ n2 − 30n + 200 Anazht¸ntac pìte isqÔei h parap�nw
anis¸thta, brÐskoume thn diakrÐnousa kai tic lÔseic tou triwnÔmou gia na
prosdiorÐsoume to prìshmo tou. ∆ = 900− 4· 200 = 100
n1,2 = 30±50

2 'Ara oi duo lÔseic eÐnai n = −10 kai n = 40. Apì ta parap�nw
sumperaÐnoume ìti to zhtoÔmeno isqÔei gia n ≥ 40 kai c = 1
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Example 2. DeÐxte ìti 1
n + 7 = O(n2 + 1)

LÔsh
'Omoia me to example 1 anazhtoÔme c, n0 ètsi wste na isqÔei h anisìthta

pou upodeiknÔei o orismìc. 'Estw n ≥ 7 �ra kai n2 ≥ n ≥ 7 (S1). EpÐshc apì
thn (S1) sumperaÐnoume ìti n ≥ 1 d l. 1

n ≤ 1(S2). Tèloc an prosjesoume
tic anisìthtec (S1) kai (S2) èqoume 1

n + 7 ≤ n2 + 1 (IsqÔei gia n ≥ 7 kai
c = 1).

Example 3. DeÐxte ìti 8
√

n = O(1
2n)

LÔsh
'Omoia anazhtoÔme c, n0 ètsi wste na isqÔei h anisìthta pou upodeiknÔei o

orismìc, dhl. |8
√

n| ≤ c(1
2n) ⇒ 8

√
n ≤ c(1

2n) ⇒
√

n ≤ c
16n jètoume c′ = 16

c ,
�ra c′·

√
n ≤ n ⇒ n√

n
≥ c′ ⇒

√
n ≥ c′ ⇒ n ≥ c′2

'Ara gia c > 0 kai n ≥ (16
c )2 apodeiknÔetai to zhtoÔmeno.

Example 4. DeÐxte ìti ln(n) = o(n)

LÔsh
Qrhsimopoi¸ntac to Lemma 1 èqoume:

lim
n→∞

ln(n)
n

l′Hopital
= lim

n→∞

1
n
1 = 0 lim

n→∞
1
n = 0

Example 5. DeÐxte ìti sin(n) = O(n)

LÔsh
Qrhsimopoi¸ntac to Lemma 3 èqoume:

lim
n→∞

sin(n)
n = 0 diìti:

| sin(n)
n | ≤ | 1n | kai lim

n→∞
1
n = 0

Example 6. DeÐxte ìti 4·n− 3· sin(n) = O(2·n + sin(n))

LÔsh
'Omoia apì to Lemma 3 èqoume:

lim
n→∞

4·n−3·sin(n)
2·n+sin(n) = lim

n→∞
4−3· sin(n)

n

2− sin(n)
n

= 4
2 = 2

Example 7. DeÐxte ìti sin( 1
n) = O( 1

n)

LÔsh
'Omoia apì to Lemma 3 èqoume:

lim
n→∞

sin( 1
n

)
1
n

m= 1
n= lim

m→0

sin(m)
m

l′Hopital
= 1

3



Example 8. DeÐxte ìti
∑i=1

n (ik) = Θ(nk+1) gia k ≥ 1

LÔsh

•
∑n

i=1(ik) ≤
∑n

i=1(nk) = n·nk = nk+1 = O(nk+1)

•
∑n

i=1(ik) ≥
∑n

i=dn
2
e(i

k) ≥
∑n

i=dn
2
e((

n
2 )k) ≥ dn

2 e· (
n
2 )k ≥ (n

2 )· (n
2 )k =

(1
2)k+1·nk+1 = Ω(nk+1)

Example 9. DeÐxte ìti (2 + sin(n))·n = O(n)

LÔsh

'Estw ìti anatrèqoume sto Lemma 3 tìte parathroÔme ìti to ìrio lim
n→∞

(2+sin(n))·n
n

den up�rqei. San apotèlesma anazht�me diaforetikì trìpo apìdeixhc:
GnwrÐzoume ìui isqÔei −1 ≤ sin(n) ≤ 1
'Ara (2 + sin(n))·n ≤ 3·n apì to opoÐo sumperaÐnoume ìti (2 + sin(n))·n =
O(n)
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